A direct approach to numerical homogenization in finite elasticity by Gloria, Antoine
HAL Id: inria-00070383
https://hal.inria.fr/inria-00070383
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
A direct approach to numerical homogenization in finite
elasticity
Antoine Gloria
To cite this version:
Antoine Gloria. A direct approach to numerical homogenization in finite elasticity. Networks and
Heterogeneous Media, AIMS-American Institute of Mathematical Sciences, 2006, 1 (1), pp.109-141.
￿inria-00070383￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
56
25
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
Thème NUM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
A direct approach to numerical homogenization in
finite elasticity
Antoine Gloria
N° 5625
Juillet, 2005
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)
Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30
  	

 !"#	$ %
&''()

	!*+
 )
-,
./1032546/798;:625<=4?>
∗
@ACB&DEFHGJILKNMPORQTSUB&DEVQ	WPXCDYVZ\[^]_XCEVQ
`ZUacbTE&SdIfe\g I;hHg
idjlkCk-amZnSdoRE%ZUEVp)ACEVZUp)AqErWtsucv_wluxKNymXC[{z|z{ES=}qwc~m~muK_wkqjcmEVQ
V&Cllf EoREVQUpZU[{-Em}jcWqjlz|OPVEl}+jcW-o;SUEVQnSjoR[{ZUEVpSWPXCDE&ZU[^p&jczjlkCkCZUamjlp)A;S\afjACalDalmE&WC[{&E=o
kqZ\amCz|EVD[{WWqalWCz{[|WqEVjcZEVz{jmQTSU[{p&[STOjcSqWC[|S\E;QnS\Z)jc[{W+@ACEfDjc[{WjmoRjcW_SUjllEacS\AC[^QjckqkCZ\a_jlp)A[{Q
SUAqjS[|S	oCa_E=QWqacSD aRoR[|¡OSUACEJamE&Z)jcz{z-QnS\ZUXqpSUXCZUEHacQTS)jcWqoCjlZUoQnal¢ST£ jlZ\E=Q[{WXqQ\EH¡amZ	palDkCXCSUjSU[|amWqjcz
EVz{jmQTSU[{p&[STOmH¤JXCZHjcW-jcz{OPQ\[^Q	[|W-pz{XqoREVQJjpamWPlE&ZUlEVWqpEZUEVQ\XCzSH¡alZJjmE&WCEVZUjlzpz^jlQUQ	alEVWCE&ZUlOoRE&W-Qn[|S\[{EVQ
jlWqoxjlWxEVZ\ZUalZJEVQnS\[{DjcS\E [|W9S\AqE p&alWPlE&¥fpVjlQ\El  EZ\EVz{jcS\ESUAC[^QjckCkCZUamjmp)AS\aS\ACED¦XCzSU[{QUp&jlz|EqWC[|S\E
EVz|EVDE&W_SD E&S\ACaRo§jlWqo9Q\ACa£¨alXCZjlWqjcz{ORQn[^Q%jcz^QnajckCkqz|[{EVQ%SUaS\AC[^QDESUACaRo1If[^pZUamQUpamkC[{p¦CXqp)©Pz{[|Wq
jlWqoDjmpZUamQUpalkq[{p	[{WqQnSUjlC[|z{[|S\[{EVQjcZUEHWPXCDE&ZU[^p&jcz{z{O [{WPlE=QTSU[|_jS\E=o1@ACEjlkCkCz{[{pVjSU[|amWacalXCZjckCkqZ\a_jlp)A
SUa;QnamDEW_XqD EVZ\[^p&jlzS\E=QTS)QalW§jlWª[^oRE=jcz{[|VEVoªZ\XqC-EVZ¡amjlD«[^Qjlz{Q\akCZ\E=QnEVW_S\EVo+¬CamZpamWqQ\[{QnS\EVWqpOxj
Q\ACamZnS	ZUE&P[|EV£­acS\AqEACalDalmE&WC[{VjcS\[{alWS\ACEValZUO[|WWCamWCz|[{WCE=jcZ	E&z^jlQnS\[^p[|STO[^QkCZUa_[^oRE=o1
®f¯_°5±U²³ ´l ACamDallEVWC[{VjSU[|amW+}WCalWCz{[{WCEVjlZ¦EVz{jmQTSU[{p&[STOm}z{jlZ\mEE&z^jlQnS\[^poRE&¡alZUDjcS\[{alWqQV}qWC[|S\EE&z{Eµ
DEVWmS)Q
∗ ¶1·t¸¹%º»¶¼c½=·q¾T¿ÀÂÁÃÄUÅ6ÆÂ¿ÇÄ)ÀÂÁÈ3ÁTÉ+ÊR¿ÇÅ?É+ÁËÅ¶5ÌÄ)Í3É6É?ÎTÁTÉ\½ÏÁËÅÐÑÄTÒÁTÇVÍ3ÁÓ5ÀÔÄ)ÆÂÉ6ÁÊCÄ)É6¾\Ä)À^½¶5Æ Å?ÎÕÁTÉ?¾nÄ)Ö»Å6ÁTÉ\½××UØÙÙ
¹Ä)Ö6Ç3ÁËÚ¢ÀÔÄUÚ{Û5Ä)ÀÂÀÂÎTÁ¶5ÁTÈ3ÁËÜ%Ý=½=ÞÖ?Ä)Ç=¾nÁ½lÄ)Ç3È¹%º»¶1¹%ß¶½=º¡Ã¸+º¢ßÑ½¸+¿&¾nà&Í3ÁTÇ3¾T¿Í3Ö¡Å\á¶5¿ÇÅâÄ)¾ËÅnã1Ä)ÇÅ?¿ÆÂÇ=Áá äÀÂ¿Ö»ÆÔÄåÆÂÇ3Ö»ÆÔÄ=á æ{Ö
    	
  !T#		*%
'  	
	!*1
 )
	  !	

    FdalX-QJoRY=pZU[|malWqQV}1jcWqjlz|ORQ\alWqQdES%S\E=QTSUalWqQJXCWCEjckCkqZ\aRp)ACEWPXCDYVZ\[^]_XCE oC[|ZUEVpS\EktalXqZXqW
kqZ\amCz|BVDEo AqalDalmY&WCYV[{QUjSU[|amWEVWfAPO_ktE&ZUY&z^jlQnS\[^p[|S\YEVWflZ)jcWqoCEVQdoRY&¡alZUDjS\[{alW-Q& [|W_SUY&ZSJoRE pE&SnS\E
jlkCkCZUaRp)ACEEVQnS]_X E&z{z{EWCE DaPoC[qE¦kqjlQJz^jQnS\ZUXqpSUXCZ\E oREVQJz{all[^p[{E&z^QHp&alXCZ)jcDDE&W_SXRS\[{z|[^Q\YVQJE&WxpVjcz^pXCz
oCEVQQTSUZ\X-pS\XqZ\E=Q6pamD DEIfaRoRXCz{E%oCjcWqQ WCalS\ZUEpVjlQ jlWqjcz{ORQnE[|W-pz{XRSXCWZUYVQ\XCz|SUjcS mY&WCYVZUjlz oRE
p&alWPlEVZ\mE&Wqp&Ek-amXCZXCWCE z{jlZ\mEpz^jlQUQnE¦oRE oCE&WqQ\[SUYVQo Y&WCEVZ\m[|E=QHYVz{jmQTSU[{]_XCE=QHjc[{WqQ\[]mX XCWqEEVQnS\[{DjSU[|amW
o EVZ\ZUE&XCZoCjlWqQz|Ep&jmQpalWPmE¥RElgÑE&SnSUEjlkCkCZUaRp)ACEE=QTSEVW»jl[Sz{[|YVE 9z^jxDYSUACaRoRE;oRE=Q¦YVz|YVDE&W_SUQ
-WC[{Q D¦XCzSU[|Y=p)ACE&z{z{EVQV}xz^jl]_XCEVz|z{Ez! jcWqjlz|ORQ\EQ\XqQnµâp&[SUY&EQ jckCkCz{[^]mXqElEVQ kCZUalCz{B&DEVQ oREC[|¡XCZUpVjSU[|amW
D[^pZUamQUpamkC[{]_XCEESo [{WqQnSUjcq[|z{[SUYfDjlpZUamQUpamkC[^]mXqEQ\alW_SjctalZ)oRYVQo XCW ktal[{WmSoCEf_XqEWPXCDYVZ\[^]_XCEl
"JEVQ SUEVQnSUQ	Q\XCZ	XCWCEDamXqQ\Q\E%oREp&jlalXRS)p)ACalXqpJpamWqpz{XCE&W_S	z{EZUjlkCk-amZnS=`jlZdQnamXqp[1oREp&z{jlZnSUYl}R]_XCE&z^]_XCEVQ
ZUYVQ\XCz|SUjcSUQoCEJz^j%S\AqY&alZU[{EJoREJz! ACalDamlY&WqY&[^Q\jcS\[{alWE&WY&z^jlQnS\[^p[|S\YHWqalWz{[|WqYVjc[{ZUEHQnamW_SÑZ)jckCktE&z{YVQÑjcXoRYVCXRS
oCE%p&EZUjlkCktalZ\SV
# ³ = ± $   AqalDalmY&WCYV[{QUjSU[|amW+}mYVz{jmQTSU[{p&[SUYJWqalWz{[{WCYVjl[|ZUEl}PlZ)jcW-oREVQ oRY¡amZ\DjcS\[{alWqQV}PY&z{Y&DE&W_SUQÑqWq[{Q
 
				 "!#	 $%'&
	(	 ) *
+ ,  ,* !%
(-J%
&
 AqE&ZUEVjlQS\ACEoRE&mE&z{alkCDEVWmSÑacpamDkCXRSUjcS\[{alWqjlzCSUa_amz{QAqjlQÑACEVz|ktEVoEVWCl[{WCEVE&Z)QS\a oREVQ\[{lWkC[{EVp&EVQ£	[|S\A
Q\ktEVp[|-pDE=p)AqjcWC[^p&jlzlkCZUalktE&Z\S\[{EVQV}3p)ACE&D[^QTS)QjcW-okCAPORQn[^p[^QTS)Q1Aqj3mEoRE&mE&z{alktEVo%WCEV£ªSTO_ktEVQacRDjSUE&ZU[{jlz{Q
EVWbTaOP[|WqWCEV£STOPk-E=QÑalkCZUalktE&Z\S\[{EVQ jcW-op)AqjlZUjmpS\EVZ\[{&E=oPOjAC[{lAACESUE&ZUallEVWCE&[|STOl/. EVpVjcXqQ\EJal+S\Aq[{Q
AqES\EVZ\amlEVWCE&[|STOS\AqEHWPXCDE&ZU[{pVjczCDE&S\ACaRoCQÑpalDDalWqz|O XqQ\EVoPOEVWCl[{WCE&EVZUQp&jcWqWCacSÑoC[|ZUEVpS\z{O oRE=jczC£	[|S\A
SUACEVQ\EWCEV£ DjcS\EVZ\[^jcz^Q&@ACEZUEVjmQnamW[^Q	SUAqjS%pz^jlQUQn[^p&jlz+jcWqjlz|O_SU[{pVjczp&alWqQnS\[|S\XRSU[|mEz^j3£dQdoRaWCalSHDaRoRE&z
p&alZUZ\E=pSUz|Ojlz|z5SUACEZ\EVl[{DEVQ E&Wqp&alXCW_SUE&ZUEVo_OS\ACE=QnEDjSUE&ZU[{jlz{QjcS	S\ACEDjlp&Z\a_Q\p&alkC[^pHQUp&jlz|Em
h pamDkCXRSUjcS\[{alWqjlz jlkCkCZUamjmp)A§S\a p[{ZUp&XCDmE&W_SSUACEoR[10p&XCzSTOZ\EVz{jcS\EVo§S\a DjlpZUamQUpamkC[^ppamWqQTSU[µ
SUXRS\[{lEz{j3£dQpalXqz{o tESUaxXqQ\EjqWq[SUEE&z{E&DEVWmS DES\AqaPo »¬32I ¦jS¦jxQ\pVjcz{E¡alZ¦£	AC[{p)A"p&z{jmQ\Q\[^p&jcz
p&alWqQnS\[|S\XCS\[{lEz{j3£dQ jcZUEHZUE&z{E&jcW_S=GHWR¡alZ\S\XCW-jS\EVz|OSUAC[^QÑ[^Q ac¢SUE&WamXRSacZUEVjmp)Aacp&alDkCXRSUE&Z)QSUa oqjS\E
Q\[{WqpESUACE	DEVQ\AqQn[{&E	£ alXqz{o¦Aqj3lE SUa-Edal-SUACE	alZ)oREVZactS\ACE	D[^pZUalDESUE&ZEl q{}l£	Aq[{p)A[^QkCZUalAC[{C[|S\[{lEl
@ACE	z^jcW-oCQ\pVjcktEÑ[^QS\AqE&W S\ACE¡amz|z{a£	[{WC4oC[|ZUEVpSp&alDkCXRS)jSU[|amWqQjSS\ACE	D[^pZUamQUpamkC[{p QUp&jcz{EjcZUESUa_a
E&¥Rk-EVWqQn[{lEH£	ACE&ZUEVjmQpamDkCXRSUjcS\[{alWqQÑjSÑS\ACEDjlpZUamQUpamkC[^p	Q\pVjcz{EHjcZUEHoREVz|[^p&jcS\EHtEVpVjcXqQ\Edal1S\ACEz{jmp)©¦al
ZUE&z{E&jlWmSjcWqjlz|O_SU[{pVjczPpalW-QTSU[SUXRS\[{lE z{j3£dQVhHW jlzSUE&ZUWqjSU[|mES\Z)jlp)©%[^QkqZ\aP[^oREVoPOS\AqE AqalDalmE&WC[{VjcS\[{alW
jlkCkCZUamjmp)A+
@ACE;jlZnSU[{p&z|E[^QalZUmjlWC[{&EVojlQ¡amz|z{a£dQV­@a§QnSUjcZ\S£	[SUA+}dQ\alDEZ\E=QnXCz|SUQalJSUACEfDjSUACE&DjSU[{pVjcz
SUACE&amZ\Oxack-EVZ\[{aRoR[{pAqalDalmE&WC[{VjcS\[{alW;¡amZWCamWCz|[{WCE=jcZE&WqE&ZUlOxoREVWqQ\[SU[|E=QjcZUEZ\E=p&jcz{z{EVo1@ACEZUEVjmoRE&Z
»jlD[|z{[{jlZJ£	[|S\AxS\ACEQnSUjSUE¦alS\AqE jlZnSacSUACE¦AqalDalmE&WC[{VjcS\[{alWfSUACE&amZ\O¡alZD[|Wq[|D[{VjSU[|amWxkCZUalqz|EVDQ
jlWqoE&z{z{[|kRSU[{pdalktE&Z)jS\amZUQ[{WoR[{lEVZ\mE&Wqp&E¡alZUD¨p&jlWEVjmQn[{z|O Qn©P[{kMPEVpS\[{alWwC¤JXCZ QnktEVp&[tpdpamWmSUZ\[{CXRSU[|amW
[^QHoCESUjl[|z{EVoSUACZUalXCmACalXRSJMREVpSU[|amWqQ5*S\avqHMPEVpS\[{alW6*[^QHoREVlalS\EVoSUajcW;jlkCkCZUa3¥P[{DjSU[|amWZUEVQ\XCz|S	¡alZ
jWqalWCz{[|WqEVjcZE&z^jlQnS\[^p[|STO9kCZUalqz|EVDL£	[|S\AjACamDallEVWC[{&EVo p&alWqQnS\[|S\XRSU[|mEz^j3£ jlWqoªS\afSUACEoCE&ZU[|jSU[|amW
alJjcWE&ZUZUalZE=QTSU[|DjcS\E[|WS\ACEfp&alWPlE&¥§pVjlQ\El@AqEWPXCDEVZ\[^p&jlz DE&S\ACaRo[|W_S\ZUaRoRXqp&EVo"[{WMPEVpS\[{alW
p&alWqQ\[^QTS)Q[{WZUE&kCz^jlp&[|WqxjcWXCWC©PWCa£	WjlWqjcz{O_S\[^p&jczpamWqQnS\[|S\XRSU[|mEz^j3£ jS¦S\ACEDjlp&Z\a_Q\p&alkC[^pQ\pVjcz{EPO
j9WPXCDE&ZU[{pVjczdp&alWqQnS\[|S\XRSU[|mEz^j3£p&alDkCXRSUEVojSEVjmp)ADjlp&Z\a_Q\p&alkC[^pktal[{W_S_O"S\ACEZUEVQ\alz{XRS\[{alWacj
Q\acµËp&jlz|z{EVo78 :9<;=?> jcS¦SUACED [^pZUamQUpamkC[^pz{E&lEVz6@AC[^Q jlkCkCZUamjmp)A"[{Q£ E&z{z	oRE&mE&z{alktEVojcWqoAqjlQ
tE&EVW;jckCkqz|[{EVoSUaz|[{WCEVjlZdDjSUE&ZU[{jlz{Q6¬32 2 DESUACaRoA@BCB
D djcW-oWqalWCz{[|WqEVjcZHDjcS\EVZ\[^jcz^QdjSHQ\Djcz{zQnS\Z)jc[{W
E@ wFB
D eâS[^QjloCjlkRS\E=oACE&ZUESUaHSUACEÑqWC[|S\EQTSUZUjl[|WpVjlQ\El}3¡amZ£	AC[^p)Ap&alWPlEVZ\mE&Wqp&EkCZ\amk-EVZnSU[|E=Qal-FdEV£S\amW
jlz|malZU[SUACDQ+jcZUElEVZ\O%Q\E&WqQ\[SU[|mES\adS\ACE jckCkCZUa3¥R[|DjcS\[{alW%acPS\AqEÑQ\EVpamWqooREVZ\[{jS\[{lEacPS\ACE pamWqQTSU[SUXRS\[{lE
z^j3£ E@ wGHDâ}@<B'GHD @AqEpalDkCXCSUjSU[|amW9alQ\Xqp)A jQTSU[1I5WCEVQUQDjSUZ\[|¥xAqjmQ%WCacStE&EVW jmoCoRZUEVQUQnE=ox[{WªS\ACE
z{[|S\E&Z)jSUXCZUES\aHS\ACEÑ©_Wqa£	z|E=oRlEalRS\ACE jcXRSUACalZ=@Aq[{Q[{QalWqEkCXCZUk-a_QnEÑacRSUAC[{QjcZ\S\[^pz{EleËW¦MPE=pS\[{alW uS\Aq[{Q
oC[|ZUEVpSjlkCkCZUamjmp)A[{QZUE&z^jSUEVoS\aS\ACE	D¦XCz|S\[^Q\pVjcz{EqWq[SUE	E&z{E&DE&W_SDES\AqaPo¦[{WmSUZ\aRoRX-pEVo¦PO%JdamX jlWqo pacµ
jlXRS\AqE&Z)QjcWqo SUACEdEVZ\ZUalZE=QTSU[|DjSUEdacMPE=pSU[|amWK*%[{QkCZ\amEVo¦S\ajlkCkCz{OSUaS\AqEHI;QU¬L2ÑI§}_jcSz{EVjlQnS[{WS\ACE
ktE&ZU[{aPoC[{p	pVjlQ\El¬[{Wqjlz|z{OSUACEH]_XCE=QTSU[|amW¦-ZUQnS[{WmSUZ\aRoRX-pEVo POME&OPDalWqjcSV}mI6NCz|z{E&ZÑjcWqo@Z\[^jcW_S)j¡OPz|z{[^oR[{Q
[{WO@<B=w'DpamWqpEVZ\WC[{WCCX-p)©_z{[{WC[{WfS\ACE pEVz|z|µ?kqZ\amCz|EVDjlWqo[|W-QTS)jcC[{z|[|S\[{EVQJacSUACEACamDallEVWC[{&EVoEVWCE&ZUlO
oCE&WqQ\[STOf[^Q%WPXCDE&ZU[{pVjcz{z|OfjmoCoRZUEVQUQnE=o1@ACEpamWPlE&ZUlEVWqpEkCZ\amk-EVZnSU[|E=QHalSUACED E&S\ACaRox¡alZjpz^jlQUQJal
EVWCE&ZUlOoCE&WqQ\[SU[|E=Q	£	AC[^p)A[^Q	WCalSdpalEVZ\E=oPOSUACEDjS\AqE&DjSU[{pVjcz5S\AqE&alZUO[^Q	jcz^Qna[{WPlEVQnS\[{mjcS\E=o1
¸¸ ÇPqÙÏÝÙ
   <
	
    - ª ¦#	$Ñ
 
	,
¬qalZpalW-Qn[^QTSUE&Wqp&Ol}5QnamDE£ÑEVz|z|µâ©_Wqa£	WfZ\E=QnXCz|SUQHacSUACEktE&ZU[|aRoR[^pAqalDalmE&WC[{VjcS\[{alWS\ACEValZUOjlkCkCz{[|E=oS\a
WqalWCz{[|WqEVjcZE&WqE&ZUlOfoRE&W-Qn[|S\[{EVQ%£	[|S\A QnktEVp&[tpmZ\a£SUA;kCZUalktE&Z\S\[{EVQ%jcZUEZUEVpVjcz{z|E=ofACE&ZUEl MPXqp)A9S\ACEValZUESnµ
[^p&jlzZUEVQ\XCzS)QmXC[{oCES\ACEW_XqD EVZ\[^p&jlzQnS\Z)jS\EVlOxjlWqoªS\EVz|zÑ[|W§£	A-jS¦Q\E&WqQ\EDEVp)A-jcWC[^p&jlz]mX-jcW_S\[|S\[{EVQ¦jcZUE
jlkCkCZUa3¥R[|DjSUEVo1@a¡XCz{z|O[{z|z{XqQnS\Z)jS\E%SUACEQ\[SUXqjSU[|amW+}qjlWqo¡alZ	SUACEQUjc©lE%alp&alDkqjlZ\[^QnamW+}CjQ\O_W_SUACEVQ\[{Q
al£	AqjcSJ[^QHSUACE&amZ\E&S\[^p&jlz|z{O©_Wqa£	Wf¡alZE&WCEVZ\mOfoRE&WqQ\[|S\[{EVQacQ\E&mE&Z)jcz+STOPktEVQ%jcW-of¡alZlEVWCE&Z)jczE&z{z|[{kRSU[{p
amk-EVZUjcS\amZUQ[{WoC[|mE&ZUlE&W-pE¡alZUD [{Q m[|mE&W »Q\E&E @B3u'D	jcWqo @ uD ª@ACEkCZUaPac»QaldS\AqEZUEVQ\XCzS)Q¦QnSUjcS\E=o
tE&z{a£p&jlW-EH¡alXCW-o[|WS\ACEJ£ÑamZ\©¦acI Nqz|z{E&Z @ wmwD1jcWqoSUACEHtaPal©ac . Z)jc[^oREVQjcWqo "JE¡Z)jcW-pEVQUp)AC[L@ uD?
@AqEJSUACE&amZ\E&S\[^p&jlztktal[{W_S	acP[{E&£ kqZ\E&¡E&Z)jcCz{OXqQ\EVQÑS\ACE%EVWCE&ZUlOD[{WC[|D[{VjcS\[{alWkCZ\amCz{E&D £	ACEVZ\E=jlQÑS\ACE
` "52­jlkCkCZUamjlp)A[{Q	DamZ\E%ZUE&z{E&jcW_S ¡alZS\AqEW_XqD EVZ\[^p&jlz1kCZ)jlpSU[{p&El
@AC[^Q	SUACE&amZ\ODjl©lE=Q	XqQ\EacS\ACEmZ\a£SUAp&alWqoC[SU[|amW EB [{W_S\ZUaRoRXqpE=o[|W "JEqWq[SU[|amW6*-EVz|a£ÑeËW
kqZUjmpS\[^pEm}lQ\E&lEVZUjlzPkCZ\amCz{E&DQoRaWCalSQ\jcS\[^QT¡OSUAC[^QpamWqoR[|S\[{alW+@AC[^Q[^QS\ACEHpVjlQ\E ¡alZktalZUalXqQDjSUE&ZU[{jlz{Q
jlWqo­¤JmoREVW DjcS\EVZ\[^jcz^Q& @a§D aRoREVzHktalZUalXqQD E=oR[^jC}£ÑE;p&alWqQ\[^oRE&Zj ktE&Z\¡alZ)jSUEVo oRamDjl[|W£	AqE&ZUE
SUACEEVWCE&ZUlOoRE&W-Qn[|STOQUjSU[{QnqE=Q  B 	jcW-of£ÑEz|E&SHS\AqE¦Q\[|VEacS\AqEACamz|E=Q&}-£	ACE&ZUES\AqEE&WqE&ZUlOjlWC[{Q\ACE=Q&}
maS\a&EVZ\a- eËW§j£j3OS\AC[^QACamDallEVWC[{VjSU[|amWx[^Qjcz^Q\amE&alDE&S\ZU[{pQ\[|Wqp&E S\ACEoRamDjc[{Wª[^Q%WCalSC¥REVo1
GHWCz{[|©mEJktalZUalXqQ DjSUE&ZU[{jlz{QV}q¤JmoREVWDjSUE&ZU[{jlz{Qp&jlWP[{alz^jS\E  B  jcz{D a_QTSE&mE&ZUOP£	ACE&ZUEl@ACE&ZUE¡amZ\EJS\ACE
jlkCkCZUamjmp)A;[|W_SUZ\aRoRXqp&EVox[|W§MPEVpS\[{alWª[{Q%QnS\[{z|zSUatE%bTXqQnS\[|qEVo9DjSUACE&DjSU[{pVjcz{z|Om @AqEVQ\E¦z{[|D[|SUjcS\[{alWqQ
jlZ\E%Q\XCDDjlZ\[{&E=o[{WS\ACEz^jlQnS	kqjcZ)jcmZUjlkCAalSUAC[{QHQnE=pS\[{alW

	 ! #"$%&"$(')($*!+)-,!./"$0
@AqZ\amXClACamXRSS\ACE jcZ\S\[^pz{E
Ω
oRE&WCalS\E=QdjcWfamk-EVWf-amXCWqoRE=ofpalWqWCEVpS\EVoQ\XCqQ\ESHal
R
3 	@ACE¡amz|z{a£	[|Wq
oCEqWC[|S\[{alW-Q	jcWqoZUEVQ\XCzS)Q »Q\E&E%El q @Âwlu'D  £	[{z|z1tEE¥PSUE&WqQ\[|mE&z{OXqQ\EVo[{WSUACEQnE=]_XCE&z?
1¯3245  5»³6487:9<;=(	
W : M3(R) → [0,+∞]
	 &
W 1,p
9¡]_XqjlQ\[{p&alWPlE&¥ 	 ;=;(    
A ∈ M3(R)> & ; 88 #&@? 
	
& (; &
	HBADCFE ( HGC	 &
&   ;F >JI?KI &>(&(
E
(;
R
3 L 	  
|∂E| = 0
&  F   F%:	  -; 	 
A · x
	 &%K  	 	   	 
W 1,p(E,R3) M
W (A) = min
{
1
|E|
∫
E
W (A+ ∇φ(x))dx |φ ∈ W 1,p0 (E; R
3)
}
N=FO;=(	
W
	 &9k-amz|ORpamWPlE¥ L F 	  >&G(;=
&&KI &6 QPHGR;=(	 (;  F
 	  &%(;HI?&TSFEVUEWA ;%9YX
Z  ³\[¯ 3 °]7_^V;
W
	 & ;:)?\P'HG  (
W
	 &T?'&
	\P'HG`X
1¯3245  5»³64:a8bL
(x,A) 7→W (x,A)
> O?'&
	QPHG  ?)I?F&
	 )TI? ! =HI"
Ω×M3(R)
E
;(  L 	8 FHGC	 &  	    ( p ≥ 1 E ;'&
	 	cP' 8 F&
$ & c  6I C E &  d;(  :&
5 
x ∈ Ω
JI%;( % 
A ∈ M3(R)
E
c|A|p ≤W (x,A) ≤ C(1 + |A|p)
 B 
N=;=(	
W
	 &  F &	WI $&	 &V;) QnSUjlWqoCjlZUolZUa£S\ApalW-oR[SU[|amW > (;% &I?
p
CeX
º¡Ã¸+º¢ß
 
				 "!#	 $%'&
	(	 ) u
1¯3245  5»³64  N=
; 	 
W : Ω ×M3(R) → R, (x,A) 7→ W (x,A)
	 & ;QTS)jcWqoCjlZUoEVWCE&ZUlO
oCE&WqQ\[STO	 ;
W
	 &% ?'&
	\P'HG   8 I? 
)!;=(	QE  #	 & M
 W (·, ·)
	 & 8&
?>%	  	  &/!#&P' 
	?>JI   	   & 	  	  & &JI P
	?>
 W (x, ·)
	 &?(&
	8 QP&G ;( ":'&
 DP
)
x ∈ Ω
 6IK	 ;
W
&(  	 & ! 
& > SKCeX
1¯3245  5»³64 9¨QnSUjlWqoCjcZ)ofD[{WC[|D[{VjcS\[{alWxkqZ\amCz|EVD  ;((& 	 O :	 $(8     	 	  		
;=?> '&&H	$KIK$KK&$JI? &I  ?)RI?F&
	  ) F  88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


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
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x
ε
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
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
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1) 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−div
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,∇uε)
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Ω
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∂Ω.
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Wε(x, ·)
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−div
(
ahomog(∇u)
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M3(R) 3 ξ 7→ ahomog(ξ) =
∫
(0,1)3
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−div
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p ≥ 2
Xb 
a : R3 × M3(R) → M3(R), (x, ξ) 7→ a(x, ξ)
>
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a(·, 0)
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 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∃ 0 ≤ α ≤ p− 1, C > 0 |
;( "?
x ∈ R3, ∀ξ1, ξ2 ∈ M3(R)
|a(x, ξ1) − a(x, ξ2)| ≤ C(1 + |ξ1| + |ξ2|)
p−1−α|ξ1 − ξ2|
α,
 
∃ 2 ≤ β < +∞, c > 0 |
;(%C
x ∈ R3, ∀ξ1, ξ2 ∈ M3(R)
(a(x, ξ1) − a(x, ξ2), ξ1 − ξ2) ≥ c(1 + |ξ1| + |ξ2|)
p−β |ξ1 − ξ2|
β.
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x
ε
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L :) 8 QP(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−div (a(y,A+ ∇uA(y))) = 0.
^(6eIeI 	  	 
ahomog
&	 & ! (& > S  C L 	     &H (	 & & a  6I > C L 	   γ = α/(β−α)	 &
 eI (;
α
X
@ACEE&¥R[{QnS\EVWqpE%acjpalZUZUEVpSUalZ=}m£	Aq[{p)Afjcz{z{a£dQSUaalRS)jc[{WjQnS\ZUalWCpamW_mE&ZUlEVWqpEJ[|WqQnS\E=jloacS\ACE
£ EVjl©pamW_mE&ZUlEVWqpEJac@ACE&amZ\EVD q}R[^Ql[{lEVWPO
	
 ¯P³  ¯    U3A L6IC("   )8; F(&((& 6I     	  (; N=8   E (
(Mε)ε
>" F"&( ;
 ;F   &TI? ! KI >()
Mε : L
p(Ω) → Lp(Ω), φ(x) 7→Mεφ(x) = 1/ε
3
∫
(ε[Y,(Y+1)])3
φ(y),
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  Y ∈ Z3 &
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 F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vε : Ω → R
3, x ∈ (ε[Y, (Y + 1)])3 7→ vε(x) = vε,Y (
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ε
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−div a(y,Mε∇u(x) + ∇vε,Y (y)) = 0.
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¡amZdjcz{z
h.
hJQ
J
[^Q¦z{a£ E&ZQnEVD[µËpamWmSU[|WPXCamXqQ¡alZ S\ACE£ EVjl© S\alktalz{almO  +EVDDj B ¦jlWqopalW_SU[|WPXCamXqQ¡amZS\ACE
QnS\ZUalWqSUalktalz{allOal
W 1,p(Ω)
}RSUACE[{WCEV]_Xqjlz|[|S\[{EVQ
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W (x,A+ ∇uA∞).
 *mw
@AqE%oCEqWC[|S\[{alWal
uA
jcW-o  *mwÑSUACE&W[{DkCz|O
WN (A) =
∫
(0,N)3
W (x,A+ ∇uA) =
∫
(0,N)3
W (x,A + ∇uA∞).
@AqE&ZUE¡alZUE
lim
i→∞
WN (Ai) = W
N (A)
oRaPEVQ%WqacSoREVk-EVWqoªE&[|S\ACEVZalW9S\ACEQ\EV]_XCEVWqpE
Ai
WCamZalWªS\ACE
Q\XCqQ\EV]_XCEVWqpE
uAi
palW-Qn[^oRE&ZUEVo+} £	Aq[{p)A kCZUalE=Q S\ACExp&alW_S\[{WPXC[|STOac
WN
 gÑamWqQ\EV]_XCE&W_SUz|Om}
WN
[{Q
g jlZUjcS\ACYVaRoRalZUOjcWqoQ\jcS\[^QT-EVQ  B @ACEQUjcDE%ZUEVQ\XCzSdjlWqokqZ\aPacACalz^o¡alZ
WN,h

E&DDjªw;[|DkCz{[|E=Q¦S\AqjcS
JN
jcW-o
JN,h
jlZ\EpamWmSU[|WPXCamXqQ¦alW
W 1,p(Ω)
"@ACEQUjcDEkCZUalktE&Z\STO
Aqalz^oCQ	¡amZ
Jhomog
Q\[{WqpE
Whomog
[^QHjlz{Q\ajg jlZUjcS\ACYVaPoCalZUO¡XCWqpS\[{alW;QUjS\[^Qn¡O_[{WC EB  6@ACE&amZ\EVD w 
hJQ
VΩ,H ∩ B(u, r̄)
[{Qj p&alDkqjlpSQnE&Sal
W 1,p0 (Ω)
jlWqo
JN
[^Qp&alW_S\[{WPXCalXqQV}SUACEfD[|WC[{D[|=jSU[|amW
kqZ\amCz|EVD 6w   Ñ[^Q	jSnS)jc[{WCEVo+
ES
{uNH}N
tE§jQ\EV]_XCEVWqpEªac¦D [{WC[{D[|VE&Z)Qal?w    hHQ
VΩ,H
[^QfpamD k-jlpS=}dSUACE&ZUE9E&¥R[{QnSUQ
jªQ\XCqQ\EV]_XCE&W-pE
u
φH(N)
H
£	Aq[{p)A pamW_mE&ZUlE=QS\a§Q\alDE
u∞H
[|W
W 1,p(Ω)
@aªkCZUalES\AqjcS
u∞H
[{Qj
D[{WC[{D [{&EVZ+ac?wlu}V[|SQ\X0pEVQ+S\adQ\ACa£;SUAqjS
JN
pamW_mE&ZUlE=QCSUa
Jhomog
XCWC[|¡alZUDz|OalW
VΩ,H∩B(u, r̄)

¬qalZjcz{z
χ ∈ W 1,p0 ((0, 2
N)3)
}z{ES
χ∗
oREVWCacSUESUACEk-EVZ\[{aRoR[|=jSU[|amWac
χ
[{W
W 1,p0 ((0, 2
N+1)3)

gÑamWqQ\EV]_XCE&W_SUz|Om}
W 2
N+1
(A) ≤ W 2
N
(A)
¡alZJjcz{z
A ∈ M3(R)
}5£	AC[^p)Af[|DkCz{[|E=Q
J2
N+1
(v) ≤ J2
N
(v)¡amZUjlz|z
v ∈ W 1,p(Ω)
hHQ
J2
N [{Qj%oRE=pZUEVjmQn[{WCJQ\EV]_XCEVWqpEaltpamW_S\[{W_XqalXqQ¡XCWqpS\[{alWqQ£	AC[{p)ApamWPlE&ZUlE=Q
SUajpalW_SU[|WPXCamXqQ ¡XCWqpS\[{alW
Jhomog
amWSUACEpamDkqjlpSHQnE&S
VΩ,H ∩ B(u, r̄)
} "J[|WC[  QS\ACEValZUE&D[|DkCz{[|E=Q
SUAqjS
J2
N p&alWPlEVZ\mEVQ%XCWC[|¡alZUDz|OxS\a
Jhomog
alW
VΩ,H ∩ B(u, r̄)
h	pS\Xqjlz|z{O9S\AC[^QQ\ACa£dQS\A-jSSUACE
£	Aqalz{E%Q\EV]_XCEVWqpE
JN
p&alWPlEVZ\mEVQXqWC[¡amZ\Dz{OamW
VΩ,H ∩ B(u, r̄)
}-jmQ kCZ\amEVo-EVz|a£
¬qalZdjcz{z
ε > 0
}PSUACE&ZUEE¥R[^QTS)Q
I ∈ N
QnX-p)ASUAqjS	¡amZdjcz{z
v ∈ VΩ,H ∩ B(u, r̄)
}
|J2
I
(v) − Jhomog(v)| ≤ ε.
*C* 
¬qalZdjlz|z
M ≥ 2I
jcWqo
v ∈ VΩ,H ∩B(u, r̄)
}L	  (
JM (v) ≤ J2
I
(v)
jlWqo
|JM (v) − Jhomog(v)| ≤ ε,
*l 
¸¸ ÇPqÙÏÝÙ
B     <
	
Q\[{WqpE
Jhomog ≤ J
N ¡alZHjlz|z N ∈ R »idE&DjcZU©6B } 
0 ≤ JM (v) − J2
I
(v).
*_u
¬qalZjcz{z
χ ∈ W 1,p0 ((0, 2
I)3)
}+z|E&S
χ∗∗ ∈ W 1,p0 ((0,M)
3)
tEoRE-WCEVo9PO [M
2I
]3 ZUE&kCz{[{pVjSU[|amWqQac
χ
amW (
0,
[
M
2I
]
2I
)3 jlWqo -EE¥PS\EVWqoRE=o _Oª&EVZ\aEVz{Q\E&£	ACEVZ\E[|W
(0,M)3
}£	ACEVZ\E
[·]
QTS)jcWqoqQ¡alZS\ACE
[{W_S\EVlE&ZkqjlZnS=@APXqQ
∫
(0,M)3
W (x,A+ χ∗∗(x)) =
[
M
2I
]3 ∫
(0,2I)3
W (x,A + χ(x)) +
∫
([ M
2I
]2I ,M)3
W (x,A),
£	Aq[{p)A[|DkCz{[{EVQV}CXqQ\[|WC EB }
JM (v) − J2
I
(v) ≤
M3 −
([
M
2I
]
2I
)3
M3
C(1 + ||v||p1,p).
 *lv 
hJQ
||v||1,p ≤ ||u||1,p+r̄
}=S\ACEZ\[{lA_SAqjlWqoQ\[{oREac*mv 5pamWPlE&ZUlE=QtS\adVE&ZUa	XCWC[|¡alZUDz|OJalW
VΩ,H∩B(u, r̄)£	AqE&W
M
ma_E=QS\a[{WRqWC[|STOl@ACEVZ\E&¡alZUEl}3SUACE&ZUE	E¥R[^QTS)Q
N∗ ≥ 2I
Q\Xqp)A¦S\AqjcS¡alZjlz|z
v ∈ VΩ,H ∩B(u, r̄)jlWqo
M ≥ N∗
E&[|S\AqE&Z*l  ACamz{oqQalZ
|JM (v) − Jhomog(v)| ≤ |J
2I (v) − Jhomog(v)| + |J
2I (v) − JM (v)| ≤ 2ε,
POpamDC[{WC[{WC *?* }  *mujcWqo *lv @AC[^Q[{DkCz|[{EVQS\AqEHXCWC[|¡alZUD pamW_mE&ZUlEVWqpE	al
JN
S\a
Jhomog
amW
VΩ,H ∩ B(u, r̄)

 EjcZUEWCa£ [{W k-a_Qn[|S\[{alWªSUafkCZ\amESUAqjS
u∞H
[{QjD[{WC[{D [{&EVZac
Jhomog
amW
VΩ,H ∩ B(u, r̄)

@AqEJSUZ\[^jcWqlz{E[{WCE=]mX-jcz{[STO[{DkCz{[|E=Q
|JφH(N)(u
φH(N)
H ) − Jhomog(u
∞
H )| ≤ |J
φH(N)(u
φH(N)
H ) − Jhomog(u
φH(N)
H )|
+|Jhomog(u
φH(N)
H ) − Jhomog(u
∞
H )|.
@AqEqZ)QTSJS\EVZ\D ma_E=Q	SUaVE&ZUa[|W-oRE&ktE&WqoCE&W_S\z{Ofac
u
φH(N)
H
S\AqjlWC©RQdSUaS\AqE¦XCWq[¡amZ\D pamWPlE&ZUlEVWqpEal
JφH(N)
£	AqE&ZUEVjlQÑSUACEQnE=pamWqoSUE&ZUD laPE=Q S\a&EVZ\a S\A-jcWC©RQ S\a SUACEpamWmSU[|WPXC[|STOal
Jhomog

@APXqQV}
lim
N→∞
JφH (N)(u
φH(N)
H ) = Jhomog(u
∞
H )
 eËW jmoCoR[|S\[{alW+}	¡amZjlz|z
v ∈ VΩ,H ∩ B(u, r̄)
jlWqo
N ∈ N
}
JφH(N)(v) ≥ JφH (N)(u
φH(N)
H )
9`jmQ\Q\[|WqS\a;SUACEz|[{D[S=}£ÑEalRS)jc[{W
Jhomog(v) ≥
Jhomog(u
∞
H )
}q£	AC[{p)A[{D kqz|[{EVQSUAqjS
u∞H
[{Q	j D[|Wq[|D[{&E&ZHac
Jhomog
alW
VΩ,H ∩ B(u, r̄)

¬qalZjcWPO§E&¥_SUZUjmpSU[|amW"¡XCWqpS\[{alW
φH
QnX-p)ASUAqjSS\AqEQ\EV]_XCEVWqpE
u
φH(N)
H
acD [{WC[{D[|VE&Z)Q¦al ?w   
p&alWPlEVZ\mEVQ jlQ
N
laPEVQ SUa[|WR-WC[STOm}6wlv S\AqE&WfQnAqa£dQ
lim
H→0
lim
N→∞
u
φH(N)
H = u
[{W
W 1,p(Ω).
* G 
º¡Ã¸+º¢ß
 
				 "!#	 $%'&
	(	 ) B 
  $;A M  QP( 	  hM_SUE&k *p&alWqQ\[{QnSUQÑ[{WoRE&S\E&ZUD[|Wq[|WCjcWjloRE=]mX-jS\EjckCkqZ\a3¥R[{DjcS\[{alWal
uNH
POZ\E=QTSUZ\[^pSU[|Wq 6wmuS\a¦j
-WC[SUEoR[{D EVWqQ\[|amWqjcz+Q\XCqQ\kqjlp&EjlQkCZUEVQUpZU[|tEVoPO"JEqWC[|S\[{alW   
¬qalZ
h1 ≥ h2
}
VN,h1 ⊂ VN,h2
}tS\APXqQV}t¡alZ)jcz{z
A ∈ M3(R)
}
WN,h2(A) ≤ WN,h1(A)
}+QnAqa£	[|WC
SUAqjS
{JN,h}h
[^Qj9oCEVpZUEVjmQn[{WCªQnE=]mXqE&Wqp&EalH¡XCWqpS\[{alWqQV hHQ
JN,h
jcWqo
JN
jcZUEp&alW_S\[{WPXCalX-QamW
W 1,p(Ω)
}PAPOPk-alS\ACE=QnE=Qac"J[{WC[! QÑS\ACEValZUE&D ACalz^ojlWqo
JN,h
palWPmE&ZUlEVQXqWC[¡amZ\Dz{O S\a
JN
alW
VΩ,H ∩
B(u, r̄)
hdZUlXq[|WCjlQJ[|W  $ ; Um}5S\ACEVZ\E¦E¥R[{QnSUQ%jQnXC-QnE=]mXqE&Wqp&E
u
N,ψN,H(h)
H
acD[|Wq[|D[{&E&Z)Qac ?w * 
£	Aq[{p)ApamW_mE&ZUlE=QSUaj¦D[{WC[{D [{&EVZ
uN,0H
al ?w   Ñ[{W
W 1,p(Ω)
jmQ
h
laPEVQ SUa VE&ZUaq
¬qalZjcWPOE¥PSUZUjmpS\[{alW¡XCWqpSU[|amW
ψN,H
Q\Xqp)ASUAqjSS\AqE Q\EV]_XCEVWqpE
u
N,ψN,H(h)
H
alqD[|WC[{D[|VE&Z)Qac	?wlw
p&alWPlEVZ\mEVQ jlQ
h
ma_E=Q S\a&EVZ\a-}* G qWqjlz|z{OQ\ACa£dQ
lim
H→0
lim
N→∞
lim
h→0
u
φH(N),ψφH (N),H(h)
H = u
[|W
W 1,p(Ω).
*   

ES
err
tEjlWE&ZUZ\amZZ)jcWCmEl}_@ACE&amZ\EVD   [|DkCz{[{EVQS\AqjcSÑSUACE&ZUEHE&¥P[^QnS
N
}
H
jlWqo
h
oRE&ktE&W-oR[|WqalW
err
Q\Xqp)AS\AqjcS
||u− uN,hH ||1,p ≤ err.
*  
 AqE&ZUEVjlQ D[{WC[|D[{&EVZUQ
uH
ac6wmup&jlWCWCalStEpamDkCXRS\E=ooC[|ZUEVpS\z{O 
Whomog
[^QWCacSHj3jc[{z^jcCz{EjlWqjµ
z{O_S\[^p&jlz|z{O }
uN,hH
p&jcW Cl $ $ ° -Ep&alDkCXRSUEVoPOj qWC[|S\EEVz|EVD EVW_SDE&S\ACaRo1

¯ "R a N=FK ?)BIC(&	 )
Whomog
ICH(&"= &	 &V;) > S U@C 	  (=(8 > &(  (SU  CFE5DPO	 ;
W (x, ·)
I?
&"&	 &c;) 	  :'&
 @P(
) L (	  x X N=F KF& >(&
   KI  	 & L ) ;(  F&? (; &
	 5;:		  )eX%^
 (=(8  F F8C	KI  ?)RI?F&
	 )"F'& $ >  I	 ! KI '& 	  > S  CFE
L 	86eI&  &
	1' ;(  L &I  I?8;=   	 A; N=F8(   N  % F < L &%$ ;'&& 
 F%:	  	  &
η

& $"(8FE &F L 	 E L 	  6?>@P	 &    	 )E
lim
η→0
lim
H→0
lim
N→∞
lim
h→0
uN,hη,H = u.
¡_~ 
N= ?((&
 	 (;% &GC	 &
 (;"	 &( $KI "	  	 "	
u
	 & ;F 
 1) I	 & &8&KI 	   (	 K	 
P	 L (;  (SU DX

¯ "R   N=F  '& >( &
   KI  6I;P'KI 	   F!;  L  A;;(
  > CeX_N=F
;=(;8& JI 8
&
:  & F I L 	   ;( 
"< > KC7 6I & 	1 ;(  L &I eIC8;=   	 F&KE $;C(	  
W 1,p0 ((0, N)
3)
>()
W 1,p# ((0, N)
3)
X ^
 ;
	KE L F I? :	  L 	    \P'HG(=( ?) I?F&
	 )
 6I
W 1,p# ((0, N)
3)
E# F%:	 "	  	 
N
	  > A  C A> &  	 ;?;HI X

	 B+)+Q-+ /0 )"  /0    J J0 
@AqE&alZUE&D   oRaPEVQHWCacSJkCZ\aP[^oRESUACEE¥RkCz{[^p[|SoREVk-EVWqoRE&W-pEal
H
}
N
jlWqo
h
Xqk-amW
err
[{W*  d¬qalZ
mE&WCEVZUjlzd]_XqjlQ\[{p&alWPlE&¥"E&WCEVZ\mOoREVWqQn[|S\[{EVQV}WCa§E&ZUZUalZEVQnS\[{DjSUE;p&jcW tExoREVZ\[{lE=oSUa"pamD kqz|E&S\E&DEVWmS
SUACExjlkCkCZUa3¥P[{DjSU[|amWZUEVQ\XCz|SQn[{Wqp&EfS\ACEVZ\Ex[{QWCa§lEVWCE&Z)jczdEVZ\ZUalZE=QTSU[|DjcS\E;ZUE&z^jSUEVoS\a@AqE&alZUE&D vC
¸¸ ÇPqÙÏÝÙ
wl~   <
	
@AqE&alZUE&D   ZUE&Djl[|WqQS\APXqQjc-QTSUZUjmpSVJda£ E&mE&Z=}[{WQ\alDEkqjlZnSU[{p&XCz^jcZ¦pVjlQ\EVQV}[S S\XCZUWqQ¦alXRS¦S\aª-E
ktamQUQ\[|Cz{ES\al[{lEjlWEVZ\ZUalZEVQnS\[{DjSUEl
@ACEjcW-jcz{OPQ\[^Qd[^QHDalZUE¦oC[10pXqzS%¡alZ
N
SUAqjcWx¡alZ
H
jcWqo
h
}+jmQ
N
[^QJ[|WqoCE&EVo9pz{amQ\E&z{Oz|[{WC©lE=oS\a
qXqp)©Pz|[{WC%kCACEVWCalDE&W-j »Q\E&E @<B=wD5jcWqo @ÂwlwD [|WSUACEHp&E&z{zµâkCZUalCz{E&D jlWqoQTSUZ\amWClz{OoREVk-EVWqoCQamW S\ACEdz{amjmo
A
[{W ¡ ÑjlWqoWCacS	amWCz|OalW
err
@AC[^Q[^Q\Q\XCE%[{Qd[|WPlE=QTSU[|_jSUEVoWPXCDEVZ\[^p&jlz|z{O[{WfMREVpSU[|amWvq
eËWS\AqEE¥CjcDkCz{EJaljp&alWPlE&¥EVWCE&ZUlOoCE&WqQ\[STOS\ZUEVjcS\EVoACE&ZUEl}PSUACElEVWCE&Z)jcz1jlWqjcz{ORQn[^QÑ¡alZ
N
WCE&E=o
WqacStE	AqjcWqoCz|E=o1}mQ\[|W-pE¡alZUDXqz{j 6u jckCkqz|[{EVQ£	[|S\A
N = 1
6QnEVEd@jlCz{E B eâS[^QS\APXqQEVWCalXqlA¦S\aoRE=jcz
£	[|S\A
W 1,h
jlWqo
J1,h
oRE-WCEVoPO 6wc~ 	jcW-o 6wB }-£	ACE&ZUE
V1,h
[{QdjQnXC-QnkqjmpEal
W 1,p# ((0, 1)
3,R3)6QnEVEi	E&DjcZU© *   [|S\AS\ACEWqacSUjcS\[{alWac@ACE&amZ\EVD   jcWqoi	EVDjlZ\©wC}¡_~ Ñ[^QZ\EVkCz{jmpE=oPO
lim
η→0
lim
H→0
lim
h→0
u1,hη,H = u
[{W
W 1,p(Ω,R3).
»B 
eâS£	[{z|ztEQnEVE&WxWqE¥PS%S\AqjcS%DaRoR[|¡OP[|WCS\AqE AqalDalmE&WC[{&E=ofE&WCEVZ\mO;jlQ[{W9i	EVDjlZ\©xw[^QJ[{WqoREVEVo9XCWRµ
WqEVpE=Q\QUjcZUO[{WSUAC[{QHp&jlQ\El
@£Ña oR[ItEVZ\EVWmSE&ZUZUalZE=QTSU[|DjSUEVQ¡alZpamW_mE¥E&WCEVZ\mOoRE&WqQ\[|S\[{EVQ jlQUQnaRp[^jSUEVo SUa Q\OPD DE&S\ZU[{pHD amWCacµ
SUalWC[^p alktE&Z)jSUalZ)QJjlZ\EkCZUEVQ\E&W_S\E=o 4%alWCE ZUE&z{O_[{WCalW9S\AqEpalW_SU[|WPXC[|STOfkCZUalktE&Z\STO H£	[|S\A
α > 0
jcWqo
jlWCacSUACE&ZalWCE;jlz{Q\a§jcz{[{o¡amZ
α = 0
6QnEVE;@ACE&amZ\EVDQ "jcW-o BV~ tE&z{a£  @ACE;kCZUaPac»Qal%S\ACE=QnE
SUACE&amZ\EVDQ	jcZUEJqjmQnE=oamWZUE&mXCz^jcZU[STOkCZUalktE&Z\S\[{EVQalSUACEQnamz|XCS\[{alWqQ SUa DamWCacSUalWC[^pE&z{z|[{kRS\[^pQ\OPQnS\EVDQ&
¤JkRSU[|DjlzZ\EVlXCz^jcZU[|STOfZ\E=QnXCz|SUQacdMRj3jcZUYE@ wlv'D jcWqoªac 2CDEVOlE&ZE&Sjcz?  @   D %jcZUEZ\E=p&jlz|z{EVox¡alZ
Q\OPDD E&S\ZU[{p%DamWCacSUalWC[^p%QnORQnS\E&DQ	amW +[{kqQ\p)Aq[SUjcWqopamWPlE¥oCalDjc[{WqQVhdWfEVZ\ZUalZEVQnS\[{DjSUE[{QSUACE&W
amRSUjl[|WqEVo¡amZS\AqEp&E&z{zµâkCZUalCz{E&D jcWqoqWqjlz|z{Ojlz{alqjlz-EVZ\ZUalZEVQnS\[{DjcS\EJ[{Q oRE&ZU[{lEVo¡alZ kCZ\amCz{E&D 6w * 
 °[Ñ³  
 ¯  ¯  7 N=F (=( ?)YI?F&
	 )
W : R3×M3(R) 3 (y, ξ) 7→W (y, ξ) ∈ R
	 &   	   &
;=(	QE
1
9<;
	 I 	%	 
y
6I QPHG 	 
ξ
;(:'&
 DP
)
y ∈ (0, 1)3
 F &	 & ! (& > S C L 	  
p ≥ 2
XN=F ;F   
a :=
∂W
∂ξ
	 &"   	 6I  	  &"	 O  &(&( (; > S  KC6JI >  CFE
 6I
a(y, 0) = 0
;(   
y ∈ (0, 1)3
> L 	  F  <'&& (; C1	  )KCeX ^(  IeI 	  	  W ()'&  F;(   L 	   	 ;( 
 b 	 ; &8	   ;=8;
 ) L 	   8
&;8#$ y E
∃L > 0 : |W (y1, ξ) −W (y2, ξ)| ≤ L|y1 − y2|(1 + |ξ|
p), ∀y1, y2 ∈ R
3, ∀ξ ∈ M3(R).
Ñ¯  "   LJI? )8; F(&
&BS 6IO;(
p > 2
E 
O
>   ;F >8 6ICHI IC	  (;
R
3 E
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)
· ∇w
∣
∣
∣
∣
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)
· ∇(uH − u
h
H)
∣
∣
∣
∣
≤
∣
∣
∣
∣
∫
Ω
(
ahomog(∇(uH + ū)) − ah(∇(u
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≤ C|ξ2 − ξ1|(1 + |ξ1|
p−1 + |ξ2 − ξ1|
p−1)
≤ C|ξ2 − ξ1|(1 + |ξ1|
p−1 + |ξ2|
p−1),
?uCGÑpVjcW-EZUE&kqz{jmpEVoPO
∣
∣
∣
∣
∫
Ω
Whomog(∇v) −W
h(∇v)
∣
∣
∣
∣
≤ Chsλ/p(1 + ||∇v||p−10,p ),
6vc 
6vl~ PO
∣
∣
∣
∣
∫
Ω
Whomog(∇(u
h
H + ū)) −W
h(∇(uhH + ū))
∣
∣
∣
∣
≤ Chsλ/p(1 + ||∇ū||p−10,p ),
6vmu
jlWqo »vFB Ñ_O
∣
∣
∣
∣
∫
Ω
Whomog(∇(uH + ū)) −W
h(∇(uhH + ū))
∣
∣
∣
∣
≤ Chsλ/p(1 + ||∇ū||p−10,p ).
6vlv 
eËWqEV]_Xqjcz{[|STO »vmv  [^QdjoR[{Z\E=pSJp&alWqQ\EV]_XCEVWqpE%alSUACEp&alW_S\ZUalz1al
Whomog −W
h p&z|a_QnE%SUaS\ACED[{WC[{Dj
amW
VH
al
Whomog
jcWqo
W h
4
∣
∣
∣
∣
inf
v
{∫
Ω
Whomog(∇(v + ū))
}
−
∫
Ω
W h(∇(uH + ū))
∣
∣
∣
∣
≤ Chsλ/p(1 + ||∇ū||p−10,p ),
∣
∣
∣
∣
inf
v
{∫
Ω
W h(∇(v + ū))
}
−
∫
Ω
Whomog(∇(u
h
H + ū))
∣
∣
∣
∣
≤ Chsλ/p(1 + ||∇ū||p−10,p ).
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ahomog
6@ACE&amZ\EVD Bd[{W @ wlv'D jcz{z|a£dQ
SUapalW-pz{XqoRE?4Q\[{WqpE
uH
[{Qdj D[{WC[|D[{&EVZ	ac ∫
Ω
Whomog(∇(ū+ ·))
amW
VH
jlWqo
uhH ∈ VH
}
∣
∣
∣
∣
∫
Ω
Whomog(∇(uH + ū)) −Whomog(∇(u
h
H + ū))
∣
∣
∣
∣
≥ c(1 + ||∇(uH + ū)||0,p + ||∇(u
h
H + ū)||0,p)
p−β ||∇uH −∇u
h
H ||
β
0,p
≥ c||∇uH −∇u
h
H ||
β
0,p.
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
"JE&ktE&WqoC[|WCalWACa£ 1
β
pamDkqjcZUEVQ£	[|S\A α
β − 1
}-E&[|S\ACEVZd¡alZUDXqz{j » G  amZ	¡alZUDXqz{j 6v?* 	l[{lEVQ	j
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@ACE£ alZ)QnS	pVjlQ\E%[{Q
α = 0
jlWqo
β = p
}
jlWqoS\ACEVW
h ' Hp
O_[{E&z^oCQ SUACEalkRSU[|Djlz1E&ZUZ\amZ [{W »vC* 
¬qalZS\AqEflE&WqE&Z)jcz	]_XqjlQ\[{p&alWPlE&¥"p&jlQ\El}Ñ£ÑEfjlZ\EWCacSjlCz{ESUa Aqj3lEj Qn[{D[|z^jcZZUEVQ\XCz|SV  EfDj3O
Aqa£ÑEVlE&Z QnXqkCk-a_QnESUAqjSS\AqEamkRS\[{Djcz5DEVQ\AqQ\[|VE
h
¡amZÑSUACEpEVz|z1kCZUalqz|EVD l[{lE&WS\ACE%DEVQ\AqQ\[|VE
H
¡alZ
SUACEACamD amlEVWC[|VEVokCZ\amCz{E&D p&alXCz^ooCE&ktE&WqoamW
p
}PS\ACEamZUoREVZ	acS\ACEmZ\a£SUApamWqoR[|S\[{alW  B 
   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eËW"S\AC[^Q¦Q\EVpS\[{alW+}jxoR[|ZUEVpS jlkCkCZUamjlp)AªSUaxWPXCDE&ZU[{pVjczÑACalDalmE&WC[{VjcS\[{alW [{W§S\ACE¡Z)jcDE&£ alZU©xalWqalWRµ
z{[{WCEVjlZE&z^jlQnS\[^p[|STO9[^Q¦[|W_S\ZUaRoRXqp&EVo1;@ACEWPXCDE&ZU[{pVjcz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Q\alz{P[|Wq?w * 
@ACE DESUACaRo[{QkCZUEVQ\E&W_SUEVo%[{WS\AqEÑpamWPlE&Wq[|EVWmSp&jlQ\EalC&EVZ\adtaRoRO%¡alZ)pEÑjcWqo"J[{Z\[^p)ACz{ES-amXCWqoCjlZ\O
p&alWqoC[SU[|amWqQ&@ACEWPXCDE&ZU[^p&jczS\EVQnSUQacHMPE=pS\[{alW"vfjlZ\Ejlz{Q\ak-EVZn¡amZ\DE=o [|W SUAC[{Q¦QnE&SnSU[|WC- JHa£ÑEVlEVZ
SUACEDESUACaRojmoCjckCSUQ	QnS\Z)jc[{lA_Sn¡amZ\£jcZ)oRz{OSUa DamZ\E%lEVWCE&Z)jcz5taRoRO¡amZUp&EVQjcWqotalXCW-oCjcZUOpamWqoR[|S\[{alWqQ
kqZ\aP[^oREVopz^jlQUQn[^p&jlz5jmoCjckCSUjSU[|amWqQacS\ACEEVWCE&ZUlOoRE&WqQ\[|STOjcWqoacS\AqE3jlZ\[^jSU[|amWqjcz1Q\kqjlp&EVQV
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@AqEWPXCDEVZ\[^p&jlz5jlWqjcz{ORQn[^QÑk-EVZn¡amZ\DEVojctalEDjc©mEVQÑXqQnE%alj qjcz{z
B(u, r̄)
£	ACEVZ\EJS\AqED[{WC[{D [{&EVZ
ual 6wmw	[^Q[{Q\alz^jSUEVo1%@ACE¦D [{WC[{D[|VE&Z
u
}1jlWqo;pamWqQ\EV]_XCE&W_SUz|OS\AqEqjlz|z
B(u, r̄)
}1-EV[|WCXCWC©PWCa£	Wx[|W
kqZUjmpS\[^pEm}PS\ACEWPXCDEVZ\[^p&jlz5jlkCkCZUamjmp)ApamWqQ\[{QnSUQ[{Wp&alWqQ\[^oRE&ZU[|Wqq}R[{WqQTSUEVjmoal 6w?* }RS\ACEkqZ\amCz|EVD
inf
{
JN,h(v + ū)dx | v ∈ VΩ,H
}
,
6v   
¡amZ
N
jlWqo
h
C¥REVo1}qXqQn[{WC S\AqEWCacS)jS\[{alW 6wl~ Ëµ?wB 
@AC[^Q	D[{WC[|D[{VjcS\[{alWkCZ\amCz{E&D [^Q	jS\SUjc[{WCE=oQ\[|W-pE
JN,h
[{Qdp&alW_S\[{WPXCalX-QÑamW
W 1,p(Ω)
}
JN,h(v) →
∞
£	AqE&W
||v||1,p → ∞
jlWqo
VΩ,H
[^Q	j¦qWC[|S\EoR[{DE&WqQ\[|amWqjcz+Q\kqjmpEl
º¡Ã¸+º¢ß
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eËWS\AqEZ\EVDjl[|W-oRE&Z	alMPE=pSU[|amW-BS\AqEE&WCEVZ\mOoRE&W-Qn[|STO
WN,h
oRE&qWCE=oPO 6wc~ Ñ[{QdQ\XCkCktamQ\EVoS\a
tE%ST£	[^pEpamWmSU[|WPXCamXqQ\z|OoR[I5E&ZUE&W_S\[^jcCz{EleËWS\Aq[{QdpVjlQ\El}R[|
u
[^Q	jD[|Wq[|D[{&E&Z	al6v   SUACE&W
u
QUjSU[{QnqEVQ
SUACE 2XCz{E&Z\µ jcmZUjlWClEHEV]_XqjSU[|amW[{WS\ACE%¡amz|z{a£	[{WC£ÑE=jc©¡alZUD 4¡alZdjlz|z
v ∈ VΩ,H
}
∫
Ω
∂WN,h
∂ξ
(∇(u+ ū)) · ∇v = 0.
»v  
@AqE WqalWCz{[|WqEVjcZE=]_XqjSU[|amW »v  J[^QQnamz|mEVox_O9jcWª[SUE&Z)jS\[{lEFdEV£S\amWRµâiHjckCAqQ\alWªDESUACaRo1 %WCa£	[|Wq
un
jcSdQTSUE&k
n
}PS\ACEjlQUQ\aPp&[{jcS\E=oz{[|WCE=jcZU[|VEVokCZ\amCz{E&D jcS	QnS\EVk
n+ 1
Z\E=jloCQH4qWqo
un+1
QnXqp)AS\A-jS¡alZ
jlz|z
v ∈ VΩ,H
}
∫
Ω
(∂WN,h
∂ξ
(∇(ū+ un)) +
∂2WN,h
∂ξ2
(∇(ū+ un)) · (∇un+1 −∇un)
)
· ∇v = 0,
Gc~ 
jlWqo[SUE&Z)jS\E%XCW_SU[|zp&alWPlEVZ\mE&Wqp&El
@a"ktE&Z\¡alZUD SUACE9FHE&£S\amWRµËidjckCA-QnamWDE&S\ACaRo1}HjlW­E¥RkCz{[^p[|SE¥RkCZUEVQUQn[{alW alS\ACExQnS\ZUEVQUQSUE&WqQ\alZ
∂WN,h
∂ξ
jcWqo"S\ACEQnS\[ItWCE=Q\Q DjSUZ\[|¥ ∂2WN,h
∂ξ2
[{Q WCEVEVoRE=o1"@AC[^Q [{Q¦S\AqEDjS\S\EVZ aldS\AqE¡amz|z{a£	[|Wq
Q\EVpS\[{alW+
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I : M3(R) ×W
1,p
# ((0, N)
3) → R
(ξ, φ) 7→
∫
(0,N)3
W (y, ξ + ∇φ(y))dy,
jlWqo
{ψi}i
-Ej qjmQn[^Qac
VN,h

@ACE%¡amz|z{a£	[{WC¦APOPktacS\AqEVQ\EVQ	jcZUE%DjloREQ\a¦SUAqjS
I
-EZUE&mXCz{jlZV
 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 ¯  ¯  a N=F ;	
W (y, ·)
	 &K   	 
&   	   &
:) I 	 5(8(  	C>(  
M3(R) 6I&(  	 & ! 
& > SKC JI F;(  L 	 ? L  ";=8;
 	(&
max
{
|
∂W
∂ξ
(x, ξ)|, |
∂2W
∂ξ2
(x, ξ)||
∂3W
∂ξ3
(x, ξ)|
}
≤ C(1 + |ξ|p)
 G B 
^( eI I	 	
VN,h ⊂W
1,∞((0, N)3)
X
ESdXqQ-ZUQnSdQTSUXqoROSUACEoR[ItEVZ\EVW_S\[^jcC[{z|[|STOal
I

Ñ¯  " 8^V;
W
 6I
VN,h
&	 &c;) )8;F  
&(&YUE  F
I ∈ C3(M3(R) × VN,h,R)
X
Z  ³+³
@Aq[{QkCZUaPac[{Qdp&z{jmQ\Q\[^p&jcz 6QnEVE @<B'GDEl q  jcWqo[{QdalWCz{OQ\©lES)p)ACEVo¡alZ	SUACEqZ)QTSHoREVZ\[{jSU[|mEl
¸¸ ÇPqÙÏÝÙ
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hJQ
∇ψ ∈ L∞((0, N)3) = L1((0, N)3)′
jlWqo ∂W
∂ξ
(y, ·)
Q\E&WqoqQ
Lp((0, N)3)
amW
L1((0, N)3)
SUAqjcWq©PQ SUa G B } E&DDjw[{DkCz{[|E=QS\AqjcS	¡alZdjlz|z
ψ ∈ VN,h
jcWqo
ζ ∈ M3(R)
}
χ 7→
∫
(0,N)3
∂W
∂ξ
(y, ζ + ∇χ) · ∇ψ
[^Q	pamW_S\[{W_XqalXqQamW
VN,h

FHE¥PSV}R¡amZdjcz{z
ψ ∈ VN,h
jlWqo
ζ ∈ M3(R)
}
σψ,ζ
[{Q	oCEqWCE=o_O
σψ,ζ : (t, y) 7→
1
t
(
W (y, ζ + ∇χ(y) + t∇ψ(y)) −W (y, ζ + ∇χ(y))
)
.
@AqE%¬qZ\Y=p)ACESHoCE&ZU[|jSU[|mEJal
W
jS
ζ + ∇χ(y)
[{WSUACEoR[{Z\E=pSU[|amW
∇ψ(y)
[^Ql[{lEVWPO
lim
t→0
∫
(0,N)3
σψ,ζ(t, y)dy.
`am[|W_ST£	[^QnEm}
lim
t→0
σψ,ζ(y, t) =
∂W
∂ξ
(y, ζ + ∇χ(y)) · ∇ψ(y)

hJQ
W (y, ·)
[{Q
C1
}R¡amZdjcz{z
t ∈ (0, 1)
SUACE&ZUE%E¥R[{QnSUQ
θ ∈ (0, 1)
Q\Xqp)AS\AqjcS
σψ,ζ(y, t) =
∂W
∂ξ
(y, ζ + ∇χ(y) + θ∇ψ(y)) · ∇ψ(y).
GJQn[{WC GB }
σψ,ζ(y, t)
[^Q	XCWC[|¡alZUDz|OoRalD[{WqjSUEVo[|W
t
_OS\ACE[{W_S\E&mZUjlCz{EJ¡XqWqpSU[|amW
(y, t) 7→ C(1 + (|∇χ(y)| + |∇ψ(y)| + |ζ|)p)||ψ||1,∞.
@AqE E&tEVQ\lXCEoRamD[|WqjcS\E=op&alWPlEVZ\mE&Wqp&EdSUACE&amZ\EVD QnAqa£dQ
∂I
∂φ
(ζ, χ) · ψ =
∫
(0,N)3
∂W
∂ξ
(y, ζ + ∇χ) · ∇ψ.
Glw
MR[|D[{z{jlZ\z{Ol}
∂I
∂ξ
(ζ, χ) =
∫
(0,N)3
∂W
∂ξ
(y, ζ + ∇χ) · Id,
G* 
£	AqE&ZUE
Id
[{Q	S\ACE%¡amXCZnSUAamZUoCE&Z[{oCE&W_S\[|STOS\EVWqQ\alZ=hJQS\AqEZ\[{lA_SAqjcWqoQ\[{oCEVQ	jcZUE%palW_SU[|WPXCamXqQ[|W Glw
jlWqo G* }
I
[^Q
C1
amW
M3(R) × VN,h

i	EVk-E=jSU[|WCS\ACEQ\jlD EJjcZUlXCDE&W_S)Q&}
I
[{QÑkCZUalE=oSUa-EHS\ACZUE&EdS\[{D E=Qp&alW_S\[{WPXCalXqQ\z{O¦oR[ItEVZ\EVW_S\[^jcCz{El
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A ∈ M3(R)
E
φ ∈ VN,h
	 &%&	WI $ >K 8  "	  	 "	;
I(A, ·)

VN,h
	 ;  ( HG?	 &
 &
r > 0
&  F 6;( % 
ψ ∈ B(φ, r) ∩ VN,h
E
I(A, φ) ≤ I(A,ψ)
X
9 H   	 	  	H
φ
	 &5 <?>/
VN,h
	 ;;("  
ψ ∈ VN,h
E
I(A, φ) ≤ I(A,ψ)
X
9  	 	  	H
φ

VN,h
	 &5	 &  KI 	 ;  F HGC	 & &
ρ > 0
 6I"	 ;=;(    
ψ ∈ B(φ, ρ)∩VN,h
&
8
 F 
ψ 6= φ
E
I(A, φ) < I(A,ψ)
X
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 ¯  ¯      	cP'
A ∈ M3(R)
E/ F &GC	 &
& " 	 	  	(
φ
(;
I(A, ·)

VN,h
EL&	 &c;)	  
 φ
	 &"6	 &<$HI ??>3 	 	  	H%
VN,h
   %(&&	 A  
	 G
(
∫
(0,N)3
∇ψi(y)
T ·
∂2W
∂ξ2
(y,A+ ∇φ(y)) · ∇ψj(y)dy
)
i,j
	 & ;F&
	  	cP
I? !  	   X
	
 ¯P³  ¯  767_b 
W
JI
VN,h
&	 &c;) )8;F  
&(& U 6I
(A, φ) ∈ M3(R) × VN,h
&	 &V;)
)8;F  
&(& AE  (  FHG?	 &
  L 8; >8   & BA ⊂ M3(R)
JI
Bφ ⊂ VN,h
E  6I  FHGC	 & &
 ;=(	
gφ ∈ C
2(BA, Bφ)
E &
  F d;( 
ξ ∈ BA
E
gφ(ξ)
	 &   	 & $KI H 3 	 	  	(
;
I(ξ, ·)
 
VN,h
X
^( eI I	 	QE6;(
{ei}1≤i≤9
 >'&
	 &";
M3(R)
E
∂∇gφ(ξ)
∂ξ
|ξ=A · ei = ∇vi,
L (8 vi
	 &   &1 	  	 
VN,h
(;
∫
Ω
(
∂2W (y, ξ)
∂ξ2
|ξ=A+∇φ(y) · (ei + ∇vi)
)
· ∇ψ = 0 ∀ ψ ∈ VN,h;
 G3 
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4 + γ2(y)|ξ|
2,
£	AqE&ZUE
γ1, γ2 ≥ 1
[{Q [|k-Q\p)AC[|S\jlWqo Bµâk-EVZ\[{aRoR[{p¦alW
R
3 @ACE&amZ\EVD jcWqo +EVD DjfjckCkqz|O;£	[|S\A
p = 4
}
α = 1
}
β = 2
Q\a S\AqjcS	S\ACEEVZ\ZUalZ EVQnS\[{DjS\E » GZUEVjmoCQ
||u− uhH ||1,p ≤ C1h
1/2 + C2H
1/2.
 G  
eËWSUAC[{QHp&jlQ\El}CS\ACEjlz|malZU[SUACD [{WqoRE&E=ofpamW_mE&ZUlE=Q&}mS\ACEZ\E=QnXCz|SHoRaPEVQdWCacSHoREVk-EVWqoalWSUACEWPXCDtE&Z
alktE&ZU[|aRoR[^p%pEVz|z^Q
N
p&alWqQ\[^oRE&ZUEVo1@ACEWPXCDE&ZU[^p&jcztSUEVQnSUQktE&Z\¡alZUD E=oQ\a¦»jcZdQ\E&E&D S\aQnAqa£S\AqjcS	S\ACE
Z)jSUEac palWPmE&ZUlE&W-pE G  	[^QWCacS%QnA-jcZUk+ "JEqWq[SUE p&alWqp&z|XqQ\[{alWqQHalWfSUAC[{QamkRS\[{Djcz{[STO[^Q\Q\XCE¦jlZ\EOlES
SUa-EamRSUjl[|WCE=o 6QnEVE@B*'D 

	    
.&      J/.&.  *!+)-, .(/"    0 `!  +Q J03
eËW;S\ACE palWPmE¥pVjlQ\El}-S\ACE¦[|WCqDXCD [{W?u	[^QjSnS)jc[{WCEVoamW;alWqEktE&ZU[|aRoR[^ppEVz|z?}t¡alZ
N = 1
HeËW @ÂwlwDâ}
M1lI NCz{z|EVZm[|mEVQjcWE&¥RjlDkCz|E	[{W ST£ÑaoC[|DE&W-Qn[{alWqQ¡alZ£	AC[^p)A S\ACEH[|WR-DXCD¨[|W ?u[^QQnS\ZU[{pS\z{O¦Q\Djlz|z{E&Z
SUAqjcWSUACEH[{WRqD¦XCD alWamWCEHQ\[|Wqlz{Edk-EVZ\[{aRoR[^pdpEVz|z?@AC[{QÑE¥CjlD kqz|EdZUE&z{[{EVQamWS\ACEJDEVp)AqjlWC[{pVjczqp&alWqp&E&kRS
alÑCX-p)©_z{[{WCal jZU[|m[{oxqjcZ%[{W p&alDkCZUEVQUQn[{alW 4dS\AqE&ZUE [^QjC[¡XqZUpVjS\[{alW jcW-o;SUACEEV]_XC[{z|[{CZU[|XCD«QTS)jS\E
£	[|S\ASUACEz|a£ EVQnSE&WCEVZ\mOCZUEVjc©RQÑS\AqEQnOPDDES\ZUOalS\AqEkCZ\amCz{E&D
eËWS\AqZ\EVE%oC[|DE&W-Qn[{alWqQV}RSUACEpamZ\ZUEVQ\k-amWqoR[{WCEVWCE&ZUlOoCE&WqQ\[STOZ\E=jloCQ
W̃ : M3(R) → R
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−0.0621
−0.693
−2.45
−0.0620
−0.426
−1.50
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−0.319
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